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0 1. For an integer x> 1, Shorey and Tijdeman [6] proved, effectively, that 
there are only finitely many perfect powers whose all the digits are identically 
equal to one in their x-adic expansions. We consider the corresponding problem 
in an arbitrary x-adic number system. For an integer x> 1, we put 
x”-1 
u,(x)= y-p n= 1,2,... 
This is the set of all integers with digits identically equal to one in x-adic number 
system. For an integer d > 1, the integers A@, N= 1,2, . . . are called d-th perfect 
powers. We prove 
THEOREM 1. Let q be a prime number and let x> I be an integer. Suppose 
that nl and n2 are distinct positive integers such that n, = n2 (mod q) and both 
u,,(x) and u,~(x) are q-th perfect powers. Then max (n,, n2, q, x) is bounded by 
an effectively computable absolute constant. 
Observe that ur(x) = 1 is a q-th perfect power. Then if u,(x) with n> 1 and 
n = 1 (mod q) is a q-th perfect power, theorem 1 implies that max (n,q, x) is 
bounded by an effectively computable absolute constant. This is lemma 8 of 
[S]. More generally, if x is sufficiently large, we see from theorem 1 that every 
residue class mod q has at most one n such that u,(x) is a q-th perfect power. 
Thus we have 
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COROLLARY 1. Let q be a prime number. There exists an effectively compu- 
table absolute constant C>O such that for all integers xz C, the number of 
integers n > 1 such that u,(x) is a q-th perfect power is at most q - 1. 
Combining corollary 1 with the above mentioned result of Shorey and 
Tijdeman, we obtain 
COROLLARY 2. Let q be a prime number and let x> 1 be an integer. Then the 
number of positive integers n such that u,(x) is a q-th perfect power is at most 
4+c, 
where C, > 0 is an effectively computable absolute constant. 
Observe that C, is independent of q and x. Thus, for a fixed prime q and an 
arbitrary integer x> 1, there are only a bounded number of q-th perfect powers 
whose all the digits are equal to one in their x-adic expansions. For a fixed 
prime q> 5 and arbitrary integers A, x with 1 IA <x, there are only a bounded 
number of q-th perfect powers in integers with all digits equal to A in x-adic 
number system. For a proof, see Remark (iv). 
For an integer v > 1, we write Q(v) for the greatest square free factor of v and 
o(v) for the number of distinct prime factors of v. Further we put Q(1) = 1 and 
o(l)=O. Recall that 4(v) is the number of positive integers less than or equal 
to v and coprime to v. We set 
Q, = @(Q(v)). 
We consider the equation 
(1) 
x”-1 p,- 
x-l 
in integers x>l, z>l, q>l, n>2. 
It suffices to consider equation (1) with q prime. Whenever we refer to (l), we 
shall always understand that letters x, z, q and n denote integers x> 1, z> 1, 
q > I and n > 2 satisfying (1) and q is a prime number. Further, we write 
(2) n=qen’,(n’,q)=l, 
where e 10 is an integer. 
The author [5] proved, effectively, that equation (1) with 
o(n’)>q-2 
has only finitely many solutions. We prove 
THEOREM 2. Equation (1) has only finitely many solutions if at least one of 
the following conditions is satisfied. 
(i) o(n)>q-2. 
(ii) 2w(“) > q - 1 and (n, Q,,) = 1. 
Further the result is effective. 
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If all the prime factors of n lie in [v, 2v) for some v, then (n, Q,) = 1. Erdos 
[3] proved that 
-Y 
A(u) = (1 + o(1)) ue 
log log log 24 
where A(u) is the number of positive square free integers N<u such that 
(N, QN) = 1 and y is Euler’s constant. 
Theorem 1 is applied in the proof of theorem 2 (ii). For the proof of theorem 
2, we consider equation (1) with n = 0 (mod q) via the following result. 
THEOREM 3. Let x be a q-th perfect power. Then equation (1) implies that 
max (x, z, q, n) is bounded by an effectively computable absolute constant. 
Inkeri [4; lemma 41 proved that equation (1) with q = 3 and x restricted to 
perfect cubes has no solution. We apply theorem 3 to prove 
COROLLARY 3. Let ez 1. Let n’? 2 whenever e = 1 or e= 0 (mod q). Then 
equation (1) implies that max (x, z, q, n) is bounded by an effectively computable 
absolute constant. 
In particular, equation (1) with n =q2 or qln and w(n)?2 has only finitely 
many solutions. As in [5], the proofs of our results depend on an estimate of 
Baker [2] on linear forms in logarithms and a theorem of Baker [l] on the 
approximations of certain algebraic numbers by rationals. For an account of 
earlier results on equation (l), we refer to [5]. We shall frequently use theorem 
A of [5] in the proofs of our results. By theorem A, we shall always mean 
theorem A of [5]. For a proof of theorem A, see [7; chapter 121. 
0 2. PROOF OF THEOREM 1. We denote by cl, . . . , c5 effectively computable 
absolute positive constants. Suppose that the assumptions of theorem 1 are 
satisfied. In view of theorem A (ii), it suffices to show that XI cl. We assume 
that xzc2 with c2 sufficiently large and we shall arrive at a contradiction. 
By theorem A (i), we may assume that q>2. Let q= 3. Then we see from 
corollary 2 (iii) of [5] that nl = 5 (mod 6) and n2 = 5 (mod 6). Now we apply a 
result of Inkeri [4; theorem 21 to derive nl =n2 which is not possible. 
Thus we may assume that q L 5. There is no loss of generality in assuming 
that n, > n2. We write 
nl=n2+Nq 
for some positive integer N. Further we write 
yj4=uni(x), i= 1,2, 
for some positive integers yi and y2. Then 
( > 
4 p-1 Yl =- - 
Y2 x"z- 1 * 
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This implies that 
(3) 02 I-& - (-+y <b-“I. 
By a theorem of Baker [2] on linear forms in logarithms, the left hand side of 
inequality (3) exceeds 
exp (- c3(log x”2)2 log yI log q) 2 exp ( - c,q- ‘n,n:(log x)3 log q). 
Combining these estimates, we obtain 
(4) q~(n,(log m3. 
BY (3h 
(5) o* / gJq- $l<2x-“1. 
Now we apply a theorem of Baker [l] with m = 1, n =q, a=qx”z and 
b =4(x”*- 1). In view of (4), we can estimate K from above by 5/2. We 
conclude that the left hand side of inequality (5) exceeds 
c54 
- lx-“*-(5/2)(n, - 1)/q 
We combine these estimates to obtain 
(6) TZ,13Fl2, 
since q 15. We have 
(7) ry - (xNv2)q = kvqw 
The left hand side of (7) exceeds 2x @l-‘)(q-‘)‘q. On the other hand, the right 
hand side of (7) is at most zxN4-i. Thus we derive 
v2<n1 
which, together with (6), implies that qs2. This is a contradiction, since qr 5. 
This completes the proof of theorem 1. 
Q 3. PROOF OF THEOREM 3. Let x =xf where x1 > 1 is an integer. Suppose 
that equation (1) is satisfied. Denote by c,, . . . , c,i effectively computable 
absolute positive constants. In view of theorem A (i) and (ii), we may assume 
that q> 2 and x>c, with c6 SUffiCiently large. For any integer ~20, we see 
from (1) that 
(8) xazq +
x”- 1 p+=- 1 -=- 
x-l x-l * 
Let a be an integer satisfying 1 la5 q and n + a= 1 (mod q). We write 
(9) n+a=l+N,q 
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for some positive integer N,. Then, by (8), 
By a theorem of Baker [2], the left hand side of inequality (10) exceeds 
exp (-c,Nr log q(log x)~). 
Combining these estimates, we see from (9) that 
“4, n9 
n+q-1-n+a-1 
I cg log q(log x)3 
which implies that 
(11) min (n, q) i c9 log q(log x)3. 
BY (11, 
24-xx1”-~)~<~i”-2)4 - 
and 
fLxy- 1)4>z4- 1 >xI”- I)(9- 1). 
Consequently 
n=-q 
which, together with (II), implies that 
(12) q I (log x)? 
BY (1% 
(13) oz I(s)l,- $1 Iti-“. 
Now we apply a theorem of Baker [l] and (12) as in the proof of theorem 1 
to conclude that 
By (14), (13), (9) with 1 sasq and q>2, we see that nrcll. Now theorem 3 
follows from theorem A (iii). 
PROOF OF COROLLARY 3. Suppose that the-assumptions of corollary 3 are 
satisfied. First, we assume that e> 1 and d-22 in (2). By theorem A (iii), we 
may assume that n’>2. In view of lemma 9 of [5], we may also suppose that 
n’ has no prime factor = 1 (mod q). Then the assumptions of lemma 7 of [5] 
with D = qe are satisfied. Therefore 
x;‘- 1 
zP= x,-1 ’ x, = xqc 
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for some positive integer zi. Now we apply theorem 3 and theorem A (ii) to 
obtain the assertion of the corollary. 
Thus we may assume that e> 1 and n’= 1. Then, by the assumption of the 
corollary, e> 1 and e +O (mod q). We re-write (I) as 
(15) 
z4, (xy’- 1 XQ- 1 
x4-1 x-l * 
Since e f 0 (mod q), we see that x + 1 (mod q) and hence, the factors on the right 
hand side of (15) are relatively prime. Therefore 
for some positive integer z2. Now the assertion of the corollary follows again 
from theorem 3 and theorem A (ii). 
0 4. PROOF OF THEOREM 2. In view of theorem A (i), we may assume that 
q>2. 
(i) Let o(n)>q- 2. We may assume that ez 1, otherwise the assertion 
follows from theorem 3 (ii) of [5]. Further, since q> 2, we see that o(n) 12 and 
hence n’12. Now we apply corollary 3 to complete the proof of theorem 2 in 
this case. 
(ii) Let 2@)> q- 1 and (n, Q,) = 1. Since q> 2, observe that o(n)z2. 
Therefore n’z2. Now, by corollary 3, we may assume that e=O i.e. (n,q) = 1. 
By theorem A (ii), we may also assume that x exceeds a sufficiently large 
absolute positive constant. 
Let d> 1 be a divisor of n such that (d, n/d) = 1. Since (n, Q,) = 1, the 
assumptions of lemma 7 of [5] with D=d are satisfied. Therefore 
y4=xd-l 
x-l 
for some positive integer y. By theorem 1 with ni = 1 and n2=d, we see that 
d+ 1 (mod q). Also (d,q) = 1, since (n,q) = 1. The number of divisors d> 1 of 
n with (d, n/d) = 1 is 2@)- 1. Thus it suffices to show that any two distinct 
divisors d, > 1 and d2 > 1 of n satisfying (d,, n/d,) = (d2, n/d,) = 1 are incon- 
gruent mod q. By lemma 7 of [5], we have 
x4- 1 
yy= - 
x-l ’ 
i= 1,2, 
for some positive integers y1 and y2. Now we apply theorem 1 with ni = d, and 
n2 = d2 to derive d, f d2 (mod q). This completes the proof of theorem 2. 
REMARKS. (i) Theorem 2 (ii) implies that equation (1) with q = 5, (n, Q,) = 1 
and o(n) L 3 has only finitely many solutions. It is clear from the proof of 
theorem 2 (ii) that the restriction o(n)13 can be relaxed to o(n)22. 
(ii) It is clear from the proof of theorem 2 (ii) that equation (1) with 
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2@‘)>q - 1 and (n, z) = 1 implies that max (x, z, q, n) is bounded by an effec- 
tively computable absolute constant. 
(iii) By combining theorem 1 with theorem A (iii), we obtain: Let q be a 
prime number and let x> 1 be an integer. There exists an effectively computable 
number C2> 0 depending only on q such that the number of integers n > C, 
such that u,(x) is a q-th perfect power is at most q - 2. 
(iv) In this remark, we assume that qz 5 is a prime number and x and A 
with 1 IA <x are integers. Put 
x” - 1 
u,(x,A)=A ~ 
x-l ’ 
n= 1,2,... 
Then the arguments of the proof of theorem 1 give the following result: 
Suppose that nl and n2 are distinct positive integers such that nl = n,(mod q) 
and u,,(x,A) and u,,,(x,A) are both q-th perfect powers. Then max (n,, n2, q, x) 
is bounded by an effectively computable absolute constant. 
We give a proof. In view of a result of Shorey and Tijdeman [6; theorem 
5 (i)], we may assume that x exceeds a sufficiently large absolute constant. Let 
nl >n2 and write n, = n2+Nq for some positive integer N. Further put 
~y=u,(x,A), i=1,2. Then 
( > 
YI q=- X”‘- 1 
L pz-1 - 
Now proceed as in the proof of theorem 1 to obtain (6). Further (7) is valid 
with +,,Jx) replaced by u~Jx,A). The left hand side of (7) exceeds 
q/4x”’ - l)(V o/q, whereas the right hand side is at most 2AxNq-‘. Thus 
qn2 c nl . Hence q I 2 which is a contradiction. 
Combining this result with [6; theorem 5 (i)], we see that the number of 
positive integers n such that u,(x,A) is a q-th perfect power (qz 5) is at most 
q + C, where C, >0 is an effectively computable absolute constant which is 
independent of q, x and A. The restriction that q ~5 is a prime number can be 
replaced by qr 4 is an integer in the results of this remark. 
I thank R. Tijdeman for his comments on an earlier draft of this paper. 
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